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XIX. On the Conic of Five-pointic Contact at any point of @ Plane Curve.
By A. Caviey, Esq., F.R.S.

Received March 1,—Read March 24, 1859.

THE tangent is a line passing through two consecutive points of a plane curve, and we
may in like manner consider the conic which passes through five consecutive points of
a plane curve; and as there are certain singular points, viz. the points of inflexion,
where three consecutive points of the curve lie in a line, so there are singular points
where six consecutive points of the curve lie in a conic. In the particular case where the
given curve is a cubic, the last-mentioned species of singular points have been considered
by PrLtcker and STEINER, and in the same particular case, the theory of the conic of
five-pointic contact has recently been established by Mr. SaLmoNn. But the general case,
where the curve is of any order whatever, has not, so far as I am aware, been hitherto
considered ;—the establishment of this theory is the object of the present memoir.

L. Investigation of the Equation of the Conic of Five-pointic Contact.

1. T take (X, Y, Z) as current coordinates, and I represent the equation of the given
curve by

T=(Y(X,Y, Z)"=0.
Let (#, y, z) be the coordinates of a given point on the curve, and let U=(xYx, v, z)"
be what T becomes when (x, g, z) are written in the place of (X, Y, Z); we have
therefore U=0 as a condition satisfied by the coordinates of the point in question.
2. Write for shortness
DU =(X9,+Y9,+70,)U,
D*U=(X0,4+Y9,+7Z2,)U,
and let I=aX+46Y +cZ=0 be the equation of a line. Tt is easy to see that
DU—-I1.DU=0

will be the equation of a conic having an ordinary (two-pointic) contact with the curve
at the point (, 9, 2). Infact the equation DU=0 is that of the tangent at the point in
question, and the equation D*U=0 is that of the penultimate polar (or polar conic) of the
point, which conic is touched by the tangent ; the assumed equation represents therefore
a conic having an ordinary (two-pointic) contact with the polar conic, and therefore with
the curve. It may be added that the two conics intersect besides in a pair of points, and
that the line joining these, or common chord of the two conics, is the line represented
by the equation IT=0; and this being so, the constants (&, b, ¢) of the line IT=0 can
be so determined as to give rise to a five-pointic contact.
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372 MR. A. CAYLEY ‘ON THE CONIC OF FIVE-POINTIC

3. Consider the coordinates of a point of the curve as functions of a single variable
parameter; then for the present purpose the coordinates of a point consecutive to (%, ¥, 2)

may be taken to be
a+de+ 3o P45k d',

y+dy +3dy+3dy++5d'y,
z+dz +3d°%2 +3d% +5dz,
values which, substituted for X, Y, Z, must satisfy the equations

YT=0, D*U~—~I1.DU=0.
4, T write for shortness ‘
0,=dz 90,~+dy 0,+dz0,,

0, =0, d*y0,+d*20.,
0y=dx0,+d%0,+d’20,,
0,=d"w0,+d"yd,+d'z3,,
then the consecutive’ value of Y is
exp. (0,430, §0:+3549,)U
(Read exp. #, exponential of 2, =¢*), which is
= (143, + 101t )
X1 +R +33)
x(1 +§9s )
x(1 o H90))
=143, +301+40 +45d! )
+10.+10.0,+ 1 9D,

U

+10 »U
+10, +422, |
U | '2174?34 )
+ 9,0

+ § (914+9,)U
+ § (03430,0,4-9,)U
+2_14'(a§+6a?32+ 43133"" 83§+B4)U,

the several terms of which must respectively vanish, and we have therefore

U=0,
9,U=0,
0,U=—07U,

3, U=—(3:4383,9,)U,
3, U= —(9!-+63%,+43,9,-+322)U.
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5. Next, preparing to substitute in the equation
D*U~II.DU=0,
the consecutive value of DU is
(r+dat @2 +-§d°e +5d')d, U+ &e.
=(0,+0,+30,+50:+349,)U,

9,U=(20,+y0,+20,)U=mU.
Reducing by the above results, the consecutive value of DU is
= — 33TV —3(014-39,2,) U — 4(3i4-6370, +43,3,+ 30 U.

6. Hence also writing

where

P=ax by oz,
0,P=adz +bdy +cdz,
0,P=ad’2+bd’y+cd?z,

the consecutive value of —IIDU is —(P+49,P+49,P) multiplied into the consecutive
value of DU, and the product is

=P. 12U
+P. (093+309,0,)U +9,P.43iU
+P. 391+ 6070,+40,0,+ 302) U+-0,P. §(93+39,0,) U+ 49,P. 30iU.
7. The consecutive value of D*U is
=(z+do+idz+ i+ Fd'2)*0,° U 4 &e.
= 2’ )
+ 2adx
+ ad’r+ (do) - 02U 4 &e.,
+ Y adiz+ dad’x
+igrdiec+yded’ s +1Hdx)? |

which is
= o2 A
+ 20,0,
+ 0,0,40} » U ;

+ $0,0,+09,0,
1900, +50.0,+40; ]
0o; U=m(m—1) T,
9,0,U= (m—1)o,U,
9,0,U= (m—1)o,U,
9,0,U=(m—1)9,U,

9,0,U= (m—1)9,U,
MDCCCLIX. 3D

and observing that
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and reducing as before, the consecutive value of D*U is
=— (m—2)oiU
— % [(m—1)0}+43(m—2)0,0,]U
—+[(m —1)(91+60%,)+ (m—2)(49,0,+30;)]U.
8. Substituting in the equation D*U—II.DU=0, we obtain as the conditions of a
five-pointic contact

— (m—2)03U+P.3o3U=0,
— [(m—1)3%+8(m—2)2,3,]U
+P.3(034-39,0,)U+0,P.40;U=0,

— [ (m—1)(i 4 637,) 4 (1 —2)(43,d,+39%)]U

+ P4 01+ 6373, 4 49,9, + 302U+, P 4[3:433,,]U+33,P. 13U =0 ;

or reducing

P=2(m—2),
o\U
—2 1=
2.P=} 5y
d.P=1 [B‘}-{-ﬁa@};\rg 4 Bj‘U M,
T2 U T YU du

which are the conditions of a five-pointic contact: it is to be remarked that if only the
first and second conditions are satisfied, we have a four-pointic contact, and if only the
first condition is satisfied, a three-pointic contact.

9. We have to reduce the last-mentioned equations; suppose that A, B, C are the
first derived functions of U, then the equation 8,U=0 may be written

Adx+Bdy+-Cdz=0,
and this will be satisfied identically if
de=DBy —Cu,
dy=Cn — Ay,
dz=Au—Ba,
where A, w, v are arbitrary multipliers, which may be taken to be constants. We have
therefore 0,=1), where
D=(Br—Cu)d,+ (Ch—A»)d,+ (Ap—DBr)2,.
10. The resulting expressions for 03U, 3°U, 9:U may be exhibited in the reduced
forms given by Hussg, viz. if =iz wy-+rz, we have

0U=P,U—Q,9,

iU=",U—-Q,,

0iU=P,U—Q,?,
where the values of P, P, P,; Q,, Q,, Q, are as follows, viz. if (a, b, ¢, /g, k) are the
second derived functions of U, and if
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H=|a, & ¢ t
hy b, f
9 o

O=— Ny oy ¥
a, h,

be the Hessian; if, moreover,

w o hyo b,

A
be the bordered Hessian (we may also write ®=(4, B, €, F, &, B~ @, v)’, where
(A, B, €, F, & B) are the inverse coefficients of (a, b, 6, f, ¢, 1), viz. A=(be—f") &c.);
and finally, if for shortness we write
M=9,9.9,9+0,P.9,0+40,P.0,D,
0=9,H.9,®49,H.9,$+0,H.0,®,

|
|
i

& <

then we have
m

P2=m—l @, Q,=  (m— 1)Q H,
» ! m
Py=——DP, Q,= ——(m =D H,
—_ ™ e m3 > Y 3(m—2)
P4‘“n7:ID cI)_(m-r-:-TjQH’ Q= QDH (m— 1)3D+(m——1)3 H®.
In the present case U=0, and we have
B%U= _Qz 23
U =—Q,3,
0 U=—Q

11. Hence, substituting for Q, and Q, their values, the first and second of the equa-
tions for the five-pointic contact give.

P=2(m—2),
5P~32F

and observing that II is a linear function of (X, Y, Z), and consequently that P, 3,P
denote simply the values which IT assumes when (z, y, 2), (da, dy, dz) are respectively
substituted for (X, Y, Z), we see at once that these two conditions will be satisfied if we
put

=2 DH+A.DU,

where A is an arbitrary constant, or, what is the same thing, an arbitrary function of

(#,9,2). We have thus the general equation of a conic of four-pointic contact.
12. The above value of II gives

d,P=3 1 0,H+AQ,T,
3p2
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and the third equation of the system of conditions for a five-pointic contact is therefore

L[2+62%,]U
TeU

23U [98+30,3,]U
[oTT  =eTT ¢

%
R o0

2 5 3. H+A3,U=}

which leads to the value of A.
13. We have in general

1
"‘(?f:i?HSQ’

=1 DH. ¥,

. — "
21U =_"-dU

oiU D@ U— =

(1+300,)U=;5" DP. U~ - DH 5,
(14639, U= " (23 O+ DD+ H)U

3(m—2) .
— P H® )3

1 ; 9
— o REHDEA; 5 O

the last two of which have not yet been demonstrated. The value of 9,H (which, hoyw-
ever, is not required for the present purpose) is

__—3(m—2). iO
o, H= =i Hq)—l-m__ : 3,

which also is not yet demonstrated.
14. Putting U=0, we have

U ~ e I)QHS}2
oiU A =—meDH-32,

(33-4+82,9,) U= ._(71{1—)% DH.",

(314-63%,)U=— 1)2(23 H4-DH+, 0202 Hcp)sa

m—1
and substituting,

3 1 2 H 4 g HA

=4 (204 D+ 0 =2 o) -3 (DY

where the term involving 9, disappears; the equation may be written
91392 \ _ 3(m—2) .
(m-—l)‘zA 3H<D H+ m—1 Hq))"'ll(DH) s
which I will represent by

9H39? \
1y A=8RR—4R;,
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the values of R,, R;, R, being
R,=H,
R,=DH,
R=DH+_*-0-2""I e,
15, We have R,=T, and it will be shown that
(m—1)Ri=— 9(m—2)"H>®
+ 3(m—2)HOY
—_ Ty
(m—1yR,=—12(m—2yYHD
-+ 4(m—2) OY
- QY

W=(g, 35’ @a A’m ®7 %beHa ayHﬂ az}'{[)g’
Qz(ﬁ, 359 @3 Jﬁ) ®9 %I aw ] ay ’ az )2}13

OH*Y*A =3R,(m—1)R,—4(m—1)Re,

where for shortness

and hence writing

we have

IH*A=—3QH+4¥;
or replacing 2, ¥ by their values,

1 [—3@3,C F, 6B, ), .0, )QH.H}
T 44, B, €, F, 6, B, 3,H, 0 .HE [’

and A having this value, the equation of the five-pointic conic is

A

DU— (%%—I DH+ ADU) DU=0,

where it will be recollected that the current coordinates are (X, Y, Z), and that D
denotes X0,4-Y0,-+70..

16. I remark, in passing, that the problem of finding the circle of curvature at a given
point of a plane curve, is in fact that of determining the conic having with the curve
at the given point a three-pointic contact, and besides passing through two given points.
The equation of a conic having an ordinary contact, is

D*U—-IIDU=0,
where
N=0eX+bY+-(Z,

and the condition of a three-pointic contact is
ar-+by+cz=2(m—2).
Let the coordinates of the two given points be

(‘2"17 y” zl), (w% 3/27 z?)’
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and let (D*U), &c. be the corresponding values of D*U &c., then we have

2
XA +oZi= DT

D20\
ar, +b.7/1 +ez = ( DU ) 15

DU
oy + by, +02,= (T)ﬁ)a;

and if from the four equations we eliminate a, 4, ¢, we find

XDU, YDU, ZDU, DU  |=0

r Yy o, z , 2(m—2)
D2U

€, , Yo Z <W>x
D2U

Ty Y % (”ﬁﬁ)z

for the equation of the conic in question; #,y,z being the coordinates of the point of
contact, and X, Y, Z current coordinates.

I1. Demonstration of Identities assumed in the preceding section.
Proof of the expressions for (03+30,0,)U and (3!460%9,)U :—
17. Tt will be remembered that 9,, 9, stand originally for
dr9,+dyo,+dz9,,
d’x0,+ d*yo,+d*20,,
and that A, B, C being the first derived functions of U, da, dy, dz are changed into
By —Cu, Cr—Ay, Ap—Ba,
and that the resulting value of 9,, viz.
(By—C)0,+ (Cr—Av)d, +(Ap—Br)d,,
is also represented by I), so that 9,=1). The corresponding values of d’z, d%, d* are
dr=yv dB—udC,
Py=ndC —v dA,
&’z =pdA—2dB,
where we have
dA =ado+hdy+gdz, &c.,
in which dw, dy, dz are to be replaced by the values
By—Cu, Cr—Ay, Ap—Bi;
and 0, really denotes what
d*xd,+ d*yd,,+d*20,

becomes when the above values are substituted for d?z, d%, d*z. But in the expressions
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01U, 0,9,U &ec., the symbols 9,, 9,, 0, contained in 9, and 9, operate only on U, and
not on the variable quantities A, B, C, &c. contained in 9, and 0,.
18. If now we treat 9, as an operand, that is, perform the differentiations on the
variable quantities A, B, C which enter into 9,, we obtain
0,.0,=0,,
or, what is the same thing, operating on 9,U with 9,, the result is

2,3, U=2U~+3,U=(3:43,)U,

and in like manner
0,.02U=(03}-+20,9,)U,
0,.0'U=(0¢+30%,)U.

It is, in fact, upon these principles that Hussu’s values of 09U, 0jU &c. were obtained,

and we may by means of them obtain the other expressions assumed in the preceding
section.

19. In fact, starting from HEssg’s equation,

; m N
BfU:mCDU (m 1) HS}
we have
(03429, Bz)U_ — (UDP+PDU)— 2(I)H S +H.23DY).
But we have identically DU=0, DS:::O, and thls equatmn becomes therefore
(03420 62)U~ U])(I)—- —3 DH 3

But this is precisely Hesse’s value of B?U or we have b 0,U=:0, and therefore

(01+30,0 o1 DH.3
~ 20. In like manner, starting from the expression of 07U, we have
(01+3070,)U=— ](DU D®4UD.DP)— 2(DII 29DY+5D.DH);

or since PU and D vanish identically, and the values of D.DP, D.DH are 0,04+,
9, H+IDH, we have

(o1+ %252)U_. U(B O4-DP)— 32(5 H-l—D“H)
and if from the double of this equation we subtract HESSE 8 equatlon
_.m s ( —~)
U= U(Do— ;2 ) — e »(DH-22 420" o),

we find the required relation,

- 3 N
(i463%,) U=—" <2ach+ D'+ n) U

. _3(m—2)
—= ])2(23H+DH+ }1@)3

m—1
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Proof of the expression for 0,H :—
21. We have

9,1 =3, H(»dB—pdC) 43, H(AdC—dB) -3, H(nwd A —rdB),
where
dA=adx+hdy-+gdz,

dB=hdx+bdy+fdz,
dC=gdx+fdy +cdz,
in which dz, dy, dz are to be replaced by their values; we have therefore
H=0H{ [(3C—fBp+(fA—AC)u+(hB—bA)]
—p[(fO— B (cA—g Clut(sB—FA)]}
+&e.,
where the coefficient of 9,H is
02+ (gC—cA)p* +(AB—0A )
+(2fA— gB— O+ (0C—f BY-+(B—fOh
(m=—1)A=azr+hy+gz,
(m—1)B=ha+-by-+fz,
(m—1)C=ga+fy+cz,

or, since we have

the coeflicient, omitting the factor m—i—l’ which will be afterwards restored, is
0a?
+[ g(go+fy+oz)—c(av+hy+gz)]p’
+[ Mhe+by+fz)—b(ax-+hy+g2)

+[2faw+hy+g2)—g(ha by +fz)— h(ga+fy+cz) jw
+[ d(ga+fy+oz) —flha+by+1z)
+[ c(ha+fy+oz) —flgatfy+cz)
= 0
+(—Bzr+Hy)w’
+(—Ca+Ez )
+(—2F 2+ Gy+Hz)u
+(— Bx+ 4 Az A
+(— B2+Qy W,

— (A + B+ CF + 2+ 2&n+28hn )z
+(@n+Hp+ &) (M py +rz).

which is equal to
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The coefficients of 0,H, 90H, have a similar form; and uniting the three terms, ob-
serving that 20, H 440, H 420 H is equal to 3(m—2)H, and attending to the values of

@, 0O, 3, we have, restoring the omitted factor

m—1

dH="20" e 20 o

n m—1

Proof of the expressions for (DH)* and D°H :—

22. These are obtained (for the particular case m=4, which makes but little differ-
ence) in Mr. SaLmon’s ¢ Higher Plane Curves,” pp. 88 and 89, and I merely reproduce
his investigation ; we have

(DH)*={(Br—Cuw)o, H+4-(Cr—A»)o, H+(Ap—DBr)o H}2,
or, what is the same thing,
(DH)'= {»(Co,—Bd,)H+p(Ad,—Co,)H+»(Bo,— Ad,)H}*;
and if we consider first the term which contains A%, the coefficient is
{(Co,—Bo,)H}>
Now making use of the equations
(m—1)A=ar+hy+gz,
(m—1)B=ha+by+fz,
(m‘—l)C =gx+fy+cz,

m(m—1)U=aa+by*+ c2*+ 2fyz+ 2920+ 2hay =0,

and

we have
(m—1)*C* =(go+fy+o2)—c(ax’+by*+c2*+ 2fyz+ 29204 2hay)
= —B2*+2Ray—Ay’,
(m—1yBC= (ha+by+12)(ge+fy4cz) —flar®--by* + c2*+2f yz + 2g20+ 2hacy)
= o’ — Bay—Raz+QAyz,
(m—1YB* =(ho-+by+2)—b(aw*+by+ o+ 2fpe-+ 222+ 2Nay)
=—C2*+2B2:—Q2*;

and hence ,
(m—1)((0d0,—B3,)H)'= = (—¥a"+ 2hay —Ay")(d,H)
+2(— I+ Bay+Hrz—Ayz)o,H.0 H
+ (—Co*+ 260z —F)(H)
=— 2B, F, €Yo, H, o0, H)
-+ 2a(3d,H 420, H) (12, H -+ G2, H)
— A(yo,H+2z0 H),

o, H 420 H=3(m—2)H—20,H,
MDCCCLIX. 3 E

and
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so that the term is
— 2(%a Jfa @IayHa azH)z
+2(3(m—2)H —20, H)(189,H + &3, H)
— A(3(m—2)H—20,H)";

or reducing

(m—1)*{(Co,—Bo,)H}*
=—2’(4, B, €, ¥, & HYo,H, o,H, o0, H)
~+6(m—2)Ha(A0, H+%Ho, H+Go H)
—9(m—2)*qH>.
23. The other terms may be obtained in a similar manner; and it is easy to see that,
collecting all the terms, the sum will be
—(+py+02)(Q@, B, €, ¥, &, HY0.H, o,H, o0, 1)
+ 6(m—2)H( e+ py +v2) { (A + B+ &), H+ (Br+Bp+ F)0, H+(Gr+ Fu+E€v)o 1}
—9(m—2yHY(Q, B, €, I, & NI @, )3
or, attending to the signification of the symbols J, ®, O, ¥, we have
(m—1)(DH)*=—9(m—2)"H*®
+3(m—2)HOY

-y
24. Next,
D*H = ((Br—Cpp)d,+(Cr—Av)d, +(Ap—Br),)H,
or, what is the same thing,
DH= {1(C,—B2,)+u(Ad,—C,)+(Bd,— AD,)H ;
and if we attend first to the term which contains 22, the coefficient is
(Co,—Bo, ) H.
Now substituting for C?, CB, B* as before, we have
(m—1)(Co,—Bo,)H=  (— Ba*+2Hay -Gy )0l
+2(— o'+ Gay+ Bz —Ayz)o,0.H
+ (= Cr+428r2 —32*)oiH
=—a*(®B, F, CX3, 0./H
252,420,106, )H
—4A(yd,+23.)'H,
where it is to be observed that the symbols of differentiation affect H only. We have
(1,422, H=(2d, 92,50} 11
—2(20,+0,-+20,)x0, H
+ (@3, VH,
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where H is a homogeneous function of the degree 3m—6; 20, H, since the # is not
affected by the differentiation, must be treated as of the degree 3m—17, and (x0,)’H,
for the like reason, stands for 220°H ; we have

(90,420, H=(3m—6)(3m—"T)H
—2(8m—"T)xo H
+2%02H.

In like manner,

(99,+20.)(#]9,+ &2, )H
— (20,90, +20.) (B0, -+ B, ) H—23,(13,+ G2,
=(3m—"T)(9,+&d,) H—29,(3§0,4&d.)H ;
(m—1)*(Co,—Bo,)’H
=—a*(%, I, €X9,, 0.)H
22 (3m—T) (I, + 0. HL — (3, + 6. H]
—QA[(8m—6)(3m—"T)H—2(3m—"T)d H+2"92H]
=—2(4, B, €, ¥, & HX0., 9, 0.)H
1 2(3m—T)e( @D, -+, + &) H
—(3m—6)(3m—"T7)dH.

25. The other terms are formed in a similar manner ; and collecting all the terms, we
have

and hence

(m—1PDH=—(8m—06)(3m—"T)(4, B, €, ¥, & B, w, »)H
+2(3m—T) 10+ g+ 2)( (A0 B+ B), Ht (Bn-+ Bps-+ 4)0, H-(Gn -+ Fu-+ €. H)
—(\e+py+24, B, €, F, &, BYO., 9,, 0.)H,
or, attending to the signification of the symbols &, @, O, 2, this is
(m—1yD’H=—(3m—6)(3m—T)HP
+(B3m—T)¥0
— QY.
Proof of the expressions for (m—1)'R3, (m—1)°R,:—
26. We have
(m—1)Ri=(m—1)(DH)
=—9(m—2)"H*®
+3(m—2)HOY
— ¥y,
(m—1)"R,=(m—1PDH-+(m—1)30 —(8m—06)(m—1)PH
=—12(m—2YHO
+ 4(m—2)0ay
—Q,
which are the expressions required.
3E2
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Proof of corresponding expressions for (m—1)°'Q3, (m—1)'Q,:—
27. We have
(m—1)Q=(m—1y(DH)’

= —9(m—2)H®
+3(m—2)HOY
—¥y

(m=1)'Q=(m—1DH—(m~--1)S0+4(3m—6)(m—1)HP
=—6(m—2)(m—3)HD

+2(m—3)0%
— Q3
To which T join
(m—1yQ,=H.

28. We have consequently
(m—1)(3Q,Q,—Q})=—9Y(m—2)(m—4)H*®
+3(m—4)HOY
4+ (—=3QH4+Y)y,
and
(m—1)(3(m—2)Q,Q—%(m—3)Q%) =(—8(m—2)QH+2(m—3)¥)¥,
which for m=4 become

729(3Q,Q, — Q) =(— 3QH +¥)9*.

29. In the case m=4, we have Hzsse’s theorem, that the equation 3Q,Q,—Q,=0
gives a curve of the 14th order, which passes through the points of contact of the double
tangents, viz. substituting for Q, ¥ their values, the equation of this curve is

_—SH(g, an @, ;vra @, %Iaz b ay 9 az)21{

+ (g, %7 @7 J; ®v ;QIBQH, ayH’ azH)2=O
I have added these remarks for the sake of pointing out the striking resemblance of the
expressions which occur in the double-tangent problem for m=4, and in the present
theory of the five-pointic conic for any value whatever of m. It has not hitherto been
shown what the expressions 3(m—2)Q,Q,—2(m—3)Q; and —3(m—2)QH+2(m—3)¥
respectively denote, except in the particular case m=4.

IIL. Application of the Formule to the Cubic.

30. I shall apply the formula for the five-pointic conic to a cubic; to avoid confusion
to a numerical factor, I write U', H' in the place of U, H, so that we have

1 [—8(@, %’ @a »ﬁ ®9 %Iaz 5 ay ’ az)‘zHI-H’}
O 4@, B, €, 7, 6, BYRIT, 3, 3, HY |
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and then the equation of the five-pointic conic is

DQU’—%(—}-II,DH’-FADU') DU'=0.
I take as the equation of the cubic,

U=a’4y*+2°+6leyz=0;
the formulee Table No. 70 of my Third Memoir on Quantics*, putting H for HU, give

H=02 49" 42°) — (14-20)ayz.

U'=¢(a*+9y*+2*+6layz),
the first derived functions are

Yo 20p2), 37 +2lzw), H(2+2lay);
the second derived functions, or (a, 3, ¢, f, ¢, k), are (@, y, 2, la, ly, lz), whence H'=—11;
the inverse coefficients (4, 3B, €, F, &, H) are
(y2—0a%, zx—0Py, ay—102°, Pyz—1a®, Peao—U7, Vay—12*);

Hence writing

and putting U'=3U and H'=—H, we have
_ ——L { —3(%, 9&9 @7 :V; @, %Ia# N ay N az)2H.H} .
— 4@ B, € 7 6, BIRH, 3,H, 0 1)

and the equation of the five-pointic conic is

DU — (g- %DH—l—%ADU)DU::O.
31. We have
(g, %) @’ ,:m @3 %Iam aya az)2H

= (yz—02®).60x
+ (2x—0Dy ). 60y
+ (2y—102* ).60%
+2(Pyz—12®). —(142P)z
+2(Pza—1ly*). — (14-20%)y
+2(Pay—12*). —(14-20)z,

which is '
= 18Payz—6l(a* 41+ 2°)

— 68120 )ayz+20(14-28)(2°+3°+2°)
= (128—120)wye+(20—20)(2° +9°+2°)
= 2(l—)(2* 4y +2*+6lay2),

or we have

(g’ %’ (ﬂ:’ ‘:":‘, @, %Iaw aya az)2H=“‘2SUa

where S is the quartinvariant (see the Table No. 70). For the present purpose U=0,
and consequently

(g’ %’ @> :V; ®9 ﬁla” ay’ az)2H=O'
* Philosophical Transactions, vol. cxlvi. (1856), pp. 627-647.
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32. Next,
(@ B, €, F, 6, BYR,H, 3,1, 3,H)
= (ya—02) [ 3P —(1+420)yz]
+ (2a—0y?) [ 3Py —(14-2P)2a
+ (ay—12) [3Pe—(1+2P)ay
+20ya( —1a®)[ 302 — (14 20)2a ][ 3022 — (1420 )y |
+2(Per—Uy?)[ 302 — (14 20P)ay | 3P — (1420 )yz ]
+2(Pay—122) 3P — (1420 )y ][ 30y* — (1420 )zr],
the first three lines of which are
Wayz(a®+y° +2°)—18P(1 4 2P) a2 4 (1 + 20 (y°2* + 2°0° +2°°)
— 905490+ 2°) 6 (L + 2F)ayz(2® + 1+ 2°) — 3P(1 - 20°)°a’y2"
ov collecting and reducing,

(—or & 4y 42 )
F(LHAP4 4F gty
(15412 Yot 4y 4 Jaye
+(—212—48F—120%) a*y2®;

the second three lines are
180(y*2° 22 42y ) — 1201+ 2P)wya(2® +y° +2°) - 6 P(1 4 20°) 2%
— 84l + 120(1 - 20°)(y* 2 + 220 +a°y®) — 201 4 2 Payz (2 44+ 2°) ;
or collecting and reducing,

(1224427 N2 +2°a* - a%y)
+(—201—201=320)(2* +y* +2° )ayz
+(68°—300°4-241°) a2

Hence in the first part replacing the top line by
— (2o +2° )+ 180(y*2* +2°2* -+ %),
and uniting the two parts, we find
@, 38, ¢, F & HYoH, oH, o H)
= (1488 (y°2* 2% - 2%°)
+(=9 )@ 4y 42 )
+(—=20=51'—200 ) (2° +y* +2° )ayz
F+ (=152 —=T8P121°) a®y*;
and referring to the Table No. 70, and writing ® for @U, we have
(4, 3B, C, ¥, & HY0.H, 5,H, 0, HP=0,
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where @ is the first of the three functions which may be chosen to represent the
octicovariant of the cubic.

33. We have thus

and thence

DU— <%-%DH—§2~7— %DU)DU:O

as the equation of the five-pointic conic: the investigation has been conducted by means
of the canonical form of the equation of the cubic, but the form of the result shows
that it applies to the equation of the cubic in any form whatever,
34. 1f, however, we continue to represent the cubic by the canonical equation
2+ 224 6lryz=0,

the result may be further reduced. 'We have, putting U=0,or writing #*-9°+42°= — 6layz

H=—(148F)zyz;
moreover, putting U=0, the Table No. 70 gives

O=(148Ey(y*z*+ 2%+ %) —3I'H”;
or substituting for H the last-mentioned value, and putting for shortness

Q=97 +22*+a*yP— 3P,

0=(1482rQ;
and with these values of H and Q, the equation of the five-pointic conic is
' Q
2

2 1 —
DU+ (3 s ey DU ) DU=0.

we have

where DU =38{(a*+2lyz) X+ (y*+2lz2)Y +(2*+ 2Ly ) 2}
DU=6{(X24+20YZ)x+ (Y4 20ZX)y+ (2> +2IXY)z},
or, as it will be convenient to write it
=6(x, y, 2, Iz, ly, XX, Y, Z),
DH = (80— (1+428)y2) X+ (387 — (1 4+-28)22) Y - (30— (120 )ay ) 45
whence, finally, the equation of the five-pointic conic of the cubic

XY 4+ 74 6IXYZ=0
at the point (2, y, 2) is

1480y (w, ¥, 2, Lo, Uy, XX, Y, Z)
+ {(22 4 20y2) X 4 (5 +-2022) Y (224 2lay) 2} X
[ 8oty [ (38 — (14 28)y2) X+ (38y — (1 20)2) Y + (382 — (1+-28)ay) 7. ||
— Q[+ 20y VX - (5 2z )Y+ (2 2y ]|

a result which I had previously obtained by a special method.
35. But the expression may be exhibited in a different form by a transformation
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suggested by a geometrical theorem of Mr. SaLmon’s. In fact the tangent at the point
(2, », z) meets the cubic in the tangential of this point, and the coordinates of the
tangential are a(y*—2*)+y(2*—2a°), z(2*—y*). Calling these &, 5, £, the equation of the
tangent to the cubic at the tangential is

(8- 200)X o+ (724 205)Y (- 200 2= 0.
Now we have identically,
3x2y2z2{(3zm~2— (1420)y2)X + (88" — (14-28)yz) Y+ (822" — (1+ 2l“)zx)Z}
—Q{(2*+2ly2) X+ (y*+2122)Y 4 (2*+ 21y ) 2.}
= {(E+20)X (7" +21E)Y + (0 +218) 1}
+U{a*(—y* =2+ 2ly2) X+ ( — 2 —2° 4+ 2020)Y +2*(— 2 — P +-2lay) L}
In fact this relation will be true if only
3x2y2z2(3l2x2 —(1+42 l3)g/z) — Q2+ 2lyz) — (82 4-21n0)
=Ua*(—y*—2°+2lyz).
And substituting for £, , { and Q their wifalues, the left-hand side is
0%y (800" — (1 4-20)y2)

— (xz_‘_ZZyz)(ysza + 22 +.’I’3_’y3'— 8l2x2y2z"’)

_ wz(ys - za)2

—2lya(8—a")(a*—y') ;
and expanding and reducing, the result is

a:2(— (y*+2°) ——w"‘(y3+z3))+ 2lyz( - 2.70"‘(g/3+z3)+w6) + 1282 ;
whence, dividing by 2?, the equation becomes
— (P 4-2°)(a +y3+z3)+2lxyz(x3—2(y3+z3)) 41227
=(—y* =2+ 2lyz) 2>+ +° +6layz),

which is identically true.

36. Hence in the identical equation putting U=0, we see that the equation of the
five-pointic conic may be written

I(A+8P)ays* (2, y, 2, l, by, 12X X, Y, Z)
+ (&4 2ly2) X+ (1 +2022) Y (2 4+ 2ly) 2} X
{8 +200) XA (r* + 2008 )Y (042120 )7}
=0,
where &, #, { stand for #(y°—2%), y(2’—a*), 2(a°—y°), the coordinates of the tangential of
the given point, and which puts in evidence the geometrical theorem above referred to,
viz.
Theorem.—The common chord of the five-pointic conic and the polar conic is the
tangent to the cubic at the tangential of the given point.
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37. The five-pointic conic meets the cubic in the point of contact, considered as five
coincident points, and in a remaining sixth point or point of simple intersection. The
process by which I originally obtained the equation of the five-pointic conic, led also to
the equation of the line joining the point of contact with the point of simple intersec-
tion: the equation of this line is

[ Xx((l +80)xt 4 (414-411")2%yz +( -—2Z2+2ls)y2z2) l
a2 + Yy (1480 +(414+ 410y 20+ (— 28+ 20)2%) |
| 422 ((14-85) + (414+410)2 ay +(— 28428y |
—6Qay2 {X(320° — (14+20)y2) + Y (32— (1 +20)ew) + Z(302— (14 2F)ay) }
+ Q  {(X(2*+2ly2)+Y(y*+20z2)+ Z(22 +2lxy) } =0.
38. If the conic meet the cubic in six coincident points, that is, if the point of contact
be a singular point of the kind already spoken of, or, as we may term it, a sextactic point,

then the last-mentioned line must coincide with the tangent at the point. Represent
for a moment the equation of the line by

AX+BYHCZ=0,
then this line is to coincide with the line
(@4 2ly2) X+ (v 4 2122) Y 4 (224 2lxy) Z=0,
B(z* +2lxy)—C(y*+2022)=0,
C(2*+2lyz)— A(2* +2lzy)=0,
Ay +2lz0)—B(a*42lyz)=0,
which must be equivalent to a single condition. The terms of A, B, C, which contain
24 2yz, 20, 242y
respectively, may, it is clear, be omitted, and omitting also a factor 8a%%?, we may write
A=32z((1+ 80 )+ (4l+ 4110y + (— 224+ 28)y2") —2Q(302° — (1 4+-28)y2),
B=38ay2((1+80 )y +(4l+ 411 )yza+ (— 20 4+-21)2%%) = 2Q(30° — (1428,
and the like value for C. The last of the three equations is
[ (P4200)((1488)* + (414410 )ayz +( — 204 20°) ™)
L—(x2+2lg/z)_((1+8l3)y5+(4l-|—41l“)y*’zx+(—-2l2+2l5)yz2x2)}
—2Q{ (54 20e)(300% — (1+20)y2) — (a*4-20y2) (30— (14-28)zx)}

—V,

or we must have

3ayz

where the function on the left hand is
(1+8) (e —a"y*+20(a%—y2))
= 3ayz) 4 (441020 (a*y2> —ay's?)
+(=20420)(xy's® —a'y2®)
—2Q {—(A+28)(y’z—az) +68(2°2—1y’2)},
MDCCCLIX. 3F
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or, what is the same thing, throwing out the factor z, it is
= {8(148)a*y’ 4 61(1 48P )ayz(2* +5°)+ 8022(1 481 )a*y*s*} (a° — )
—2Q(L48F) (' —y?);
or throwing out the factor (14-87*) and substituting for Q its value, it is
= {8a%y° 4 6layz(2®+9°) 4 300y — 2(y°2° 4 2 + ¥y — B1a%y*2?) } (2 —3°).
The first factor, reducing by the equation °+3°4-2°4-6layz, is
=32 — (2*+°) (2" +y'+2) + (&' +y° +2° P = 2(y"F +2' +2%)
=8a%P + 2 (0 + 9 +2°) =27+’ + &%y°)
= =22 (2* )+ 2%y
= (F—a)—).
39. Hence putting for the moment
M=(y'—2")("—a")(2" ~y"),
it appears that the last of the three equations is Mz=0; the first and second are of
course Me=0 and My=0, and the required condition is M=0, that is,
(5" —2")("—a")(@" —y") =0,
the equation which, combined with the equation of the curve
2’4y +2°+6layz=0,
gives the sextactic points. There are consequently twenty-seven such points, and it is
at once seen that these are the points of contact of the tangents to the cubic from the
points of inflexion, or, what is the same thing, that the twenty-seven sextactic points form
nine groups of three each, such that the three points of a group have for their common

tangential one of the nine points of inflexion. In fact, let » be a cube root (real or
imaginary) of unity, the three sextactic points of one of the groups will be given by
f x—wy =0,
1x3+y3+z3+ﬁlxg/z=0.
Now consider the tangential of any one of these points, its coordinates are
o =a(y*—2°),
y=y(@—2°),
7 =2(2"—9°);
or, reducing by the equation —awy=0, 2,=awy(2*—7*), y,=—y(2°—2°), 2,=0, or, what
is the same thing, @,+wy,=0, 2,=0; that is, the point (2, 7,, 2,) is one of the points of
inflexion. This is the construction of the sextactic points obtained by Prtcker and
STEINER.

40. Reverting to the equation of the line joining the point of contact of the five-
pointic conic with the point of simple intersection, this meets the cubic in a third point,
and Mr. SALMON has shown that this third point is in fact the second tangential (tan-
gential of the tangential) of the point of contact, or, what is the same thing—
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Theorem.—The point of simple intersection of the cubic and the five-pointic conic is
the third point of intersection with the cubic, of the line joining the point of contact
with the second tangential of this point.

41. T have not sought to verify this theorem by my formule. I remark, that com-
bining it with the before-mentioned theorem, the five-pointic conic is completely deter-
mined as follows; viz.—

Theorem.—The five-pointic conic touches the conic at the point of contact (two con-
ditions); it passes through the two points in which the polar conic is intersected by the
tangent to the cubic at the tangential of the point of contact (two conditions); and it
passes through the point which is the third point of intersection with the cubic of the
line joining the point of contact with its second tangential.

42. The construction for the point of simple intersection leads at once to that for the
sextactic points; in fact, consider a point having for its tangential a point of inflexion:
a point of inflexion is its own tangential, and the second tangential of the first-men-
tioned point is therefore the point of inflexion: the line joining the point with the
second tangent is therefore the tangent at the point, and the point of simple intersec-
tion coincides with the point itself, that is, the point in question is a sextactic point.

43. 1 represent the equation of the five-pointic conic by

(@, b,¢,f,9, XX, Y, 2)=0;
the value of ¢ is
=9(148P)a'y*2’
+3a%y’ (30— (1+28)yz) (2 +21y2)
— Q2>+ 2lyz)’,

Q=y3z3+z3x3 +$3y3_ 3l2$2y222 ;
or reducing by the equation &*+4-3*4-2°+6leyz=0,

in which equation

=y*2" % (—a®—blayz) — 3P2%2,
that is,
—Q=2a"+6lz*yz+ 3P0y’ —y°2,
and we have
4= 9(1 + 8la)w4yszs

+ 3x2y?z“’<3l2x“ +(—=14+4P)2*yz—20(14-2 Z3)y2z“)
+ (2% 4-6latyz+ 3Py — 2% ) (ot - Alayz - 41%y°2).
‘We have in like manner
2f =18(14-8P)laty?’
+ szg/?z?{{(?)l"yz— 14+ 2l3)zx>(z2+ 2lxy)+ (3l2z2— 1+ Zl?’)a:y) (v’ 2lzw)}
—2Q(y* 212z )(2+ 21xy) ;
the coefficient of 82%%* in the second line is

=02y + (— 1+ 4P)a(y’ +2°) — 41 420)a’yz ;
3r2
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or reducing by the equation of the curve,

=(1—48)2' 4 (21— 321" )a’yz+ 6"y,
And the coefficient of —2Q is

=1+ 2la(y° +2°)+ 400z ;
or reducing by the equation of the curve,

= —2{2* —82yz 412
And we have

2/=181(1480)x*y’*

+ 3a%y((1—40)a" 4 (20— 820)a’yz 4 612?)

+2(2°+6latyz 4 302%y* 2 —y°2°)( —21at — 8lPatyz +472).
Reducing the expressions of ¢ and 2f, we find for the coeflicients (a, b, ¢, f, ¢, %),
[ a= 2+ 1002°yz 440022+ (5 + 12008°)ay*2* — 101a%y's* — 4Py,

<
l 2f = —4la" — 4002°yz+ (5 —1200°)a’y*2* 4 400’2 + 8o’y 'z — 2y°2°,
L.
which gives the completely developed form of the equation of the five-pointic conic.
44. 1 investigate the coordinates of the point of simple intersection of the cubic and
the five-pointic conic as follows: the equations of the two curves are

X34 Yo7 4-6IXYZ =0,

(@, 0,0, f,9, WYX, Y, Z)=0;
or if we write

a=1, A=c,
y=06I(XY, B=2(yX4+1Y),
=X4-Y?, C=aX*4-2AXY +0Y?

then the two equations are
ol? 497 48 =0,

AZ24+BZ4C=0,
and the result of the elimination of Z will be
( 23+ ZuAd) (WL Y Zut-B) =0,
where Z,, Z, are the roots of the equation AZ*4+BZ4C=0; that is, we have
ot C? k
+ay C(B*—2AC)
+ad(—B*+2ABC)
+9* CA®
—qyd BA?
492 A®
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And substituting for A, B, C their values, but attending only to the terms which involve
X5 and Y5, the result is

(@4 —8¢*+b6acg) X+ - . +(5°+ ¢ —8f*+6b¢f ) Y°=0.
45. But the result of the elimination must obviously be
(Xy—Ya)(Xy,—Ya,)=0,
if (@, 9,, #,) are the coordinates of the point of simple intersection. Comparing the
two results, and forming the analogous third equation, we may write

2e, =0+ —8f*+6bcf,
'y, =¢*+a*—8¢°+46eay,
22, =@+ 10— 8h3+6abh,
where the value of #*x, may also be written (b+4-c¢—2f)(b+cw—24°f)(b+ca*—2af),

» being an imaginary cube root of unity, and so for the other two terms. The factors
of a°x, might be calculated from the identical equation
0?4 2f YZ+ 22 =9(1 480 )a’y’s*(y Y+ 2274212 Y Z)
+{(*+2022)Y + (24 212y )2} X
[ 872 (30y*— (14-28)ea) Y + (322 — (14-28)ay)Z ] |

—Q[(y*+2022)Y + (2*+21zy) 7]
I remark, that putting =0, we have

0?2 Y2+ 2= —iy2* (Y +2°7)7,
and hence writing 1 for Y, and —1, —w, —2* for Z, we have
Z)+0—2f= _yaza(y2_z2)2, b+€w-—2w?f= —-y3z3(y2—w“z2)2, b—l—0w2—2wf= -y3z3(g/2—w2z2)2 ;
and hence the product of the three factors is —y°2°(y*—2*)*(y* — #’2*)*(y* — w*2%)%, which is
equal to —#%°(y’—2°)"(y°+2°)’, which vanishes in virtue of the assumed equation #=0.
This shows that the function §*+¢*—8f*+6b¢f contains the factor . I have not veri-
fied & posteriori, but I assume it to be true, that it contains in fact the factor 4% and con-
sequently that the expressions for a,, 7,, 2, are rational and integral functions of (x, y, 2)
of the degree 25, and containing respectively the factors , 7, 2.

46. In the theory of the cubic, a point which depends linearly upon a given point
may be termed a derivative of such point. According to a very beautiful theorem of
Professor SYLVESTER’S, the coordinates of a derivative point are necessarily rational and
integral functions of @ square degree of the coordinates («, 7, z) of the given point; and
moreover, there is but one derivative point having its coordinates of any given square
degree m’, or, as we may express it, only one derivative point of the degree m® The
successive tangentials are derivative points of the degrees 4, 16, 64, &c.; the third point
of intersection with the cubic, of the line joining two derivative points of the degrees

m? and »? respectively, is a derivative point of the degree (m=4=n)*. Thus the third point
of intersection with the cubic, of the line joining the given point with its second tan-
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gential, is a derivative point of the degree (441, and it is easy to see that the degree
is not 9; it is therefore 25. The point of simple intersection of the five-pointic conic is
a derivative point of the degree 25; it is therefore, according to Professor SYLVESTER'S
general theory, identical with the point given by the former construction ; this agrees
with the before-mentioned theorem of Mr. SALMON.

IV. Independent investigation for the Cubic.
47. The following is, in substance, the method by which I first obtained the equation
of the five-pointic conic, for the cubic
X34 Y4724 6{XYZ=0.
‘Write for shortness
U = 2*+y*+2°+6layz,
V =(2*+2lyz) X+ (v +2lza)Y 4 (2 +2lay)Z,
W=(X~+2IYZ)x+ (Y4 21XZ)y+ (24 21XY)z,
T =X4Y*+7°46IXYZ,
P =ax+by+cz,
[T =aX40Y 7.
Then X, Y, Z being current coordinates, and &, 7, z the coordinates of a point of the
cubic (so that U=0), the equation of the cubic will be
T=0,
and the equation of a conic having with it an ordinary (two-pointic) contact at the point
1), 2), will be*
(&9 2W —TIV=0.

48. Now imagine from the point of contact lines drawn to the other four intersec-
tions of the two curves; in the case of the five-pointic conic, three of these lines will
coincide with the tangent V=0, and the remaining line will be the line joining the point
of contact with the point of simple intersection. The equations of the lines in question
can be found by JoACHIMSTHAL'S theorem, viz. if (, 7, z) be the coordinates of a.given
point, and (X, Y, Z) current coordinates, then if in the equations of any two curves we
substitute for the coordinates, Ae—+wX, Ay+4wY, 2247, and between the equations so
obtained eliminate A, 4, the resulting equation will be that of the lines drawn from the
point (#, y,'2) to the points of intersection of the two curves. The point (2, 7, 2) is any
point whatever, and it may therefore be a point of intersection, or, as in the present
instance, a point of contact of the two curves; the only difference is, that in either case
the degree of each equation as regards (A, w) is reduced by unity, and the degree of the
resulting equation in X, Y, Z is also reduced by unity: in the case of a point of simple
intersection this is the only reduction; but in the case of a point of contact, the result-

* I have introduced the factor 2, to make this correspond with the form D*U—IIDU=0, in the case in
question, m=3.
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ing equation contains the equation of the tangent as a factor, and rejecting this factor,
the reduction in degree is two units.

49. Applying the method to the two equations, Y =0, 2W—IIV=0, and substituting
therein for the original current coordinates X, Y, Z the values ar4wpX, ry+wY,
A2+ wZ, the equations become

MU 430wV 4+ 30 W +p*T=0,
200U 4200V + W) — (AP +pII)(AU4pV)=0;
or writing U=0, and omitting from each equation the factor p, the equations become
ABV4au. WY =0,
AM4—P)V4+u(2W—-IIV)=0;
and putting in the first equation A=2W —1IIV, p=—(4—P)V, the result of the elimi-
nation contains the factor V, rejecting which it becomes

3(2W —ITV ) — 8(4— P)(2W—IIV)W 4 (4— PV Y=0,

which is of the fourth degree in (X, Y, Z), as it should be, and represents therefore
the lines drawn from the point of contact to the other four points of intersection of the
conic and cubic.

50. The equation may be written

—3(2W—IIV)((2—P)W+IIV) -+ (4—P)V =0,
and we obtain at once the condition that this may contain the factor V, viz. this con-
dition is
P=2;
and if this be satisfied the conic will have a three-pointic conic, and there will be three
other points of intersection. And writing P=2, and throwing out the factor V, we find
IV —6IIW 4-4Y=0
for the equation of the lines from the point of contact to the three points of inter-
section. And we have now to determine II so that the function on the left hand may
divide by V=
51. I simplify my original method by the use of a theorem of Mr. SALMON’S, viz.
witing T=X4-Y*47°4-6IXYZ, P =2(X4-Y+72°)— (14-28°)XYZ,
W=(X>4+2YZ)z+ -, B, =(30X>—(1+4+2P)YZ )
V=(*+2lyz X+ - H,= (32— (1+20)yz XA+
U=2*49y*+2°+6layz H =2+ +2°) — (14-28)xyz ,

we have identically
TH—- U% =WH1 _Vﬁl H

and in the present case, since U=0,
TH=WH,—VH,.
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Hence, multiplying by H and substituting this value of YH, the equation becomes

SHIPPV—6HIITW+4WH,—4V$,=0,
or, as we may write it,
V(SHII’—43),)+2W(2H,—3HII)=0;

and we can at once make the equation divide by V, viz. by assuming

=35 +3AV,

where A is arbitrary. We have thus a four-pointic contact. And substituting for II,
and throwing out the factor V, the equation becomes

SH(3-+3AV) — 40, +2W(EHA)=0;

or reducing, v
16(H}—3HH,)— 36 H’ AW +24HH AV 4 9H?A2V2=0,

which is the equation of the lines drawn from the point of contact to the remaining two
points of intersection.

52. I write for greater convenience
®

A=— %Ej ¥
©® being as yet indeterminate, the equation is thus reduced to
9H*{H(H}—35H%,)+O0W}—6HH,0V + V=0,

And we have then to determine © so that the left-hand side may divide by V; or, what
is the same thing, we must determine ® so that

H(H}—3H®HK,)+O0W
may divide by V. This implies the existence of an identical equation,
H(H:—3H$,)+OW=MU+NV,
which for U=0 would give the decomposition in question; but I have not investigated
the values of M and N. T assume at the outset U=0, and putting, as before,

Q=y323 +z3x3+a,,ay3_ 3lzx2y2z2’
and writing also

S= Xa[(14-8P)a'+ (414 411")ayz+ (— 20420 )y*2*]
+Yy[(14-80)y* + (4 + 410y 20+ (— 20 4-21)%7]
+Zz [(1480)2" 4 (414 410) 2wy +( — 22 4-21)2%?],
I remark that for U=0 we have
—ayzH} VS + (14 82)( QW —3a%3h,) =0,
an equation which, observing that

H=—(148P)ayz,
0=(1482)Q,

and assuming also
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may be written
H(H;—3H#K,)+OW=—(148F)VS,
which gives the required decomposition, so that ® having this value, the conic will have

a five-pointic contact. Reducing by the last equation, and throwing out the factor V,

we find
—9H*(14-8P)V—6H*@H,4- V=0

for the equation of the line joining the point of contact with the point of simple inter-
section. And if in this equation we write H=—(1480)ayz, and @=(14-8/°)'Q, we
obtain, finally, for the equation of the line in question,
92°%°2°S— 62°°2*QH, 4+ Q*°V =0,
which is the before-mentioned result.
53. It only remains to verify the assumed equation
—azyzH;+ VS (14+88)( QW — 32%**H,)=0.
—Q=24-6la*yz+ 30a*y 7> — 47,
and then observing that
W= X4 .-4+ 2l YZ+- |
H,=302X2+ .- —(14+28)2YZ— -~

(148B)(QW —3a’y*2h,) =
{ (27 6lx’yz+1200%2  —ay’2) X2

We may write

we find at once

—(1+8P1 1 2l + 1920y — 307y — 2ay'2) YZ

Next writing

H,= (80— (1+20)y2)X+ -,

V = (24 2lyz)X+ .-,

S = a{(14-8P)a* 4 (4l+411)ayz+ (=20 4-20 )2} X+ -+,
and forming the expression for

—ayzH; 4 VS,
the coefficient of X2 is

—ayz {800°—(14-20)yz}*
(224 2y2){ (1812 ++ (4441097 + (— 20 4+-20)y2°),
=(1482)(a"+6la*yz+120a% 2> — ay°2*)
the coefficient of YZ is
—2ayz(30y*— (1+20)2x) (3022 — (1+20)ay)
+ (42022 )2 { (1 +80°)2* + (414 411" 2%ay 4 (— 204202y}
+ (2 +2lzy )y {(1+8P)y*+ (414 41l“)y’zw+(—2Z“+2l5)x2y2},

MDCCCLIX. 3¢

which is
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which is
=(1488) {2 (v*+2°)+ 8lay’ s + 120 yz(y* +2°) + 2l (1 + 2°) — 22°)°2%}
or substituting for 4°+2* and »°+2° the values —a°—6layz and (2°4-6lxyz)’ —2¢°%° ve-
spectively, this is
(14-88) (21" + 12Payz— 3a*y*2* — 2lay°2%).
We have thus
—ayzH}4+VS

(@7 +-6la°yz+ 1200 yz —ay®2°) X2

=800 4 Q17+ 12802 — Sy —20ay2) Y7,

L

— oy H - VS+ (148)(QW — 3a23,) =0

and the equation

is thus verified.

Addition.—The foregoing memoir was communicated to Mr. SALMoN, and I am in-
debted to him for two notes, containing the extension to a curve of any order, of the
preceding investigation for the case of a cubic; I reproduce this extension in the follow-
ing section.

V. Extension of the last preceding method to a curve of any order.

54. Consider the curve of the m-th order Y=0, and in the place of the coordinates
write Ar+wX, Ay+wY, Az+wZ, where, as before, («, y, z) are the coordinates of the
point of the curve, and X, Y, Z current coordinates; the term involving A™ vanishes, and
dividing out the factor w the equation becomes

A DU 422D 303 DU - A4 DAU + &e. =0,

Making the like substitution in D*U—IIDU=0, the assumed equation of the five-
pointic conic, the factor w divides out and the equation becomes

2(m—1)DU +pD*U— (aP+wI)D*U=0,
or, what is the same thing,
ADU(2(m—1)—P)+u(D*U—~IDU)=0;
and if from the two equations we eliminate A, w, the result, throwing out the factor DU, is
(D*U~—IIDU)™-! —%(Z(m— 1)—P)D2U(D2U—HDU)"‘““+ &c.=0,

where all the terms after the second contain the factor DU ; the condition in order that
the equation may divide by DU, is consequently 2(m—1)—P=2, or P=2(m—2), the
condition of a three-pointic contact. Substituting this value, and dividing by DU, the
equation becomes

—TI(D*U—TDU "4 2D*U(D*U—IDU)»~*— DU DU(D*U —IIDU J»~* 4 &e. =0,
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which will be divisible by DU if —IID*U4-£D*U is divisible by DU, and the condition
for this is found to be, as before,

H_~— DH+ADU,
where A is arbitrary; we have thus the conditions of a four-pointic contact.

55. Substituting this value of II, we see that D*’U— 1 DH.D?U divides by DU, viz.
there exists an identical equation,

D'U— 3 DH.D*U=IU+J.DU;
and hence if ﬁ:(),

1 1 aTT\
U(DaU_ﬁDH.D U) =7,

where J is a quadric function of (X, Y, Z). I do not know the general form of this
function, but Mr. SaLMoN has obtained a result which may be generalized as follows,
viz. writing for X, Y, Z the values Bv—Cu, CA— Ay, Apw—Bx (where, as before, A, B, C
are the first derived functions of U and A, w, v are arbitrary), the expression for J is

3 2 3(m—2) 1
I=pg(DPU—gDH.DU ) =30 o tin s

a formula which will be presently useful.
56. The foregoing equation may be written

(D*U)"3(—IID*U+-£D*U)
+(D*U)" DU {(m— 2)[PD*U —3(m—3)ID°U —3D*U} + &e.(DUY...=0;
and the term —IID*U+2£D*U is equal to

3(D'U—DH.D'U) — ADU.D*U=4JDU—ADU.D'T.

Substituting this value the equation divides by DU, and throwing out this factor it
becomes

(D°U)"(3J— AD*U)
+ (DU )*{(m—2)II’D*U —§(m— 3)I[ID*U —4D*U} 4+ &c.DU=0;
or observing that 2IID°U=II"D*U+- term containing DU, this may be written
(D?U)"*3J—AD*U)+(D°U)"4I'D*U —$D*U)+&c.DU=0.
57. If the equation divides by DU we shall have a five-pointic contact; the condition

for this is that
—ADUy+ %JD’U+H2D”U——%D‘U

may divide by DU, or more simply that
\ 2
— A(D'UP- 2T DU 44 <TI{~DH,) D*U—3DU
may divide by DU, or, what is the same thing, the function in question must vanish in

virtue of the substitution of the values Br—Cu, CA— Ay, Ap—Ba in the place of X, Y, Z.
3a2
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The expression for J has juSt been given; we have besides
( pH) =" a1, pU=—a,

where the values of Q}, Q, are given (ante, No. 27); we have thus

s . (m-——2) 1
5. pg(DU—FDH.DU)="1"Pe— oty o,
af1 —_4(m—2)? am=220q 4 1 1
b(fom) = U e T o
. _ 2(m—2)(m—3) (m—3) .
1D = A on 4 BoRos— phmoy
and .
D'U=—— > HY
T (m—1)% ?
whence
A G IO9'=
(m— 2) 1
3 (m——l)QHSg{ (I) ( - )H DS’ }

1 o[ —4(m—2)? (m—2) N
~a O Ty O G~ bt Y

o  2(m—2)(m—3) (m—3) 1 .
o TR OIS (RO 0 |

= m( 4 — 3QH),
and consequently

1
A=5is(4¥—3QH),

which agrees with the result before obtained, and thus the present method gives the
complete solution of the problem.



